American Journal of Computer Science and Mathematics
ISSN: - applied

A Unified Theoretical and Computational Framework for Nonlinear
Telegraph Reaction Diffusion Dynamics and Stochastic Control Using
Differential Transformation Methods

! Dr. Lionel K. Hargrave
! Department of Applied Mathematics, University of Pretoria, South Africa

Received: 20" Oct 2025 | Received Revised Version: 301" Oct 2025 | Accepted: 06"Nov 2025 | Published: 13" Nov 2025

Volume 01 Issue 01 2025 | Crossref DOI: 10.64917/ajcsm/\VV01101-004

Abstract

Nonlinear reaction diffusion and telegraph type equations have long served as foundational models for understanding
wave propagation in excitable media, biological tissues, electrical transmission systems, and stochastic control processes.
From the early conceptualization of bistable transmission lines and neuristor dynamics to modern developments in density
dependent diffusion and random differential operational calculus, a continuous theoretical lineage connects electrical
engineering, mathematical biology, and applied probability. This article develops an integrated, publication ready
theoretical and computational framework that synthesizes the Nagumo type reaction diffusion and telegraph models with
deterministic and stochastic differential transformation methodologies. Drawing exclusively from the provided references,
the study constructs a unified interpretation of how nonlinear wave propagation, stability, and control can be modeled,
approximated, and interpreted in systems subject to both deterministic and random influences.

The paper begins by tracing the historical evolution of the Nagumo and neuristor models from early transmission line
theories to biologically inspired nerve impulse representations. Building on Scott and Nagumo and later Buratti and
Lindgren, the conceptualization of bistable dynamics and waveforms is reframed as a general theory of excitable systems
that can be extended into reaction diffusion and telegraph frameworks. The work of Pickard is incorporated to emphasize
how physiological conduction in medullated and unmedullated fibers can be described by nonlinear wave equations, while
Ahmed and Abdusalam are used to link these ideas to telegraph reaction diffusion and coupled map lattices in biological
systems.

The analytical core of the article draws heavily on Abdusalam, Van Gorder, Vajravelu, Pedersen, Mansour, and others
who developed analytic, variational, and numerical perspectives on density dependent and nonlinear Nagumo diffusion
equations. Their results are interpreted not merely as isolated solution techniques but as part of a broader epistemological
shift toward viewing wave speed, stability, and pattern formation as emergent properties of nonlinear transport under
feedback controlled reaction mechanisms.

A second major theoretical pillar is the differential transformation method and its variants, including projected, improved,
and random differential transformations as developed by Zhou, Bert and Zeng, Arikoglu and Ozkol, Jang, Ebaid, and
Villafuerte and collaborators. These methods are presented as a coherent computational philosophy that transforms
complex nonlinear and stochastic differential equations into tractable recursive structures, allowing both deterministic
and random effects to be studied in a unified manner.
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1. Introduction

The scientific history of nonlinear wave propagation is
marked by a gradual convergence of ideas from electrical
engineering, neurobiology, and applied mathematics. One
of the earliest conceptual breakthroughs in this field was the
realization that certain electrical circuits and transmission
lines can support bistable and excitable behavior, leading to
the emergence of traveling waves that resemble biological
nerve impulses. Scott demonstrated that a tunnel diode
loaded transmission line could propagate nonlinear pulses
that maintain their shape over long distances, thereby
introducing a physical analog for excitable media (Scott,
1963). This insight was not merely a curiosity of electrical
engineering but a deep mathematical statement about how
nonlinearities in constitutive relations give rise to stable
waveforms.

Shortly thereafter, Nagumo and his collaborators extended
this idea by formalizing bistable transmission lines in a
mathematical framework that made explicit the role of
nonlinear reaction terms and spatial coupling (Nagumo,
Yoshizawa, and Arimoto, 1965). The so called Nagumo
equation, which later became a canonical model for
excitable systems, provided a bridge between physical
circuits and biological neurons. The ability of this equation
to describe threshold phenomena, refractory behavior, and
traveling fronts made it an essential tool in theoretical
neuroscience and applied mathematics. Pickard’s analysis
of nervous impulse propagation in medullated and
unmedullated fibers reinforced this connection by showing
that the same type of nonlinear wave equations could
describe physiological conduction with remarkable fidelity
(Pickard, 1966).

From a theoretical perspective, these early works
established a central paradigm: excitable systems can be
modeled as nonlinear reaction diffusion or telegraph type
equations in which local nonlinear dynamics interact with
spatial or temporal transport. The later work of Buratti and
Lindgren on neuristor waveforms and stability further
clarified how linear approximations around nonlinear
traveling waves can provide insight into the robustness and
persistence of signal propagation (Buratti and Lindgren,
1968). This was an important conceptual advance because
it showed that even in strongly nonlinear systems, linearized
analyses around coherent structures remain meaningful and
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predictive.

The field did not remain confined to electrical or biological
systems. Ahmed, Abdusalam, and Fahmy extended
telegraph reaction diffusion models to biological contexts
by coupling them with map lattice formulations, thereby
introducing discrete spatial or temporal structures into the
continuous wave framework (Ahmed, Abdusalam, and
Fahmy, 2001). This hybridization of continuous and discrete
modeling approaches foreshadowed modern multiscale and
computational biology, where complex tissues and
populations are often represented through coupled
dynamical systems.

At the same time, analytic and approximate solution
techniques for Nagumo type equations were being
developed. Abdusalam’s work on the telegraph reaction
diffusion equation demonstrated that even when inertial or
memory effects are included through telegraph terms,
meaningful analytic and approximate solutions can still be
constructed (Abdusalam, 2004). This is significant because
telegraph type equations differ fundamentally from classical
diffusion equations in that they incorporate finite
propagation speeds, making them more realistic for physical
and biological processes.

The subsequent decades witnessed an explosion of interest
in density dependent diffusion, variational formulations,
and numerical methods for nonlinear wave equations.
Mansour’s accurate computation of traveling wave
solutions highlighted the importance of precision and
stability in numerical approximations of nonlinear diffusion
(Mansour, 2007). Pedersen’s analysis of wave speeds in
density dependent Nagumo equations, inspired by
oscillating gap junction conductance in pancreatic islets,
showed that biological realism often requires diffusion
coefficients to depend on the state of the system itself
(Pedersen, 2005). Van Gorder and Vajravelu further unified
analytic and numerical perspectives by developing both
direct solution techniques and variational formulations for
Nagumo reaction diffusion and telegraph equations (Van
Gorder and Vajravelu, 2008; Van Gorder and Vajravelu,
2010).

Parallel to these developments in nonlinear partial
differential equations, a distinct but related tradition was
evolving in the form of the differential transformation
method. Originally introduced by Zhou for electrical
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circuits, this method provided a systematic way to convert
differential equations into algebraic recursions, thereby
simplifying both analytic and numerical treatments (Zhou,
1986). Over time, the method was extended and refined by
Bert and Zeng for vibration analysis, by Arikoglu and Ozkol
for difference equations, and by Jang and Ebaid for
nonlinear and fractional systems (Bert and Zeng, 2004;
Arikoglu and Ozkol, 2006; Jang, 2010; Ebaid, 2011). These
developments transformed the differential transformation
method from a niche technique into a general computational
philosophy for handling complex dynamical systems.

The scope of differential transformation expanded further
with the introduction of random differential transformation
and operational calculus for stochastic systems. Villafuerte
and Chen Charpentier, as well as Villafuerte and
collaborators, demonstrated that randomness could be
systematically incorporated into the transformation
framework, allowing random differential equations to be
analyzed with a rigor comparable to deterministic ones
(Villafuerte and Chen Charpentier, 2012; Villafuerte,
Braumann, Cortes, and Jodar, 2010). Magdy El Tawil and
Tolba likewise showed that mean square calculus could be
used to solve random differential equations, reinforcing the
idea that stochasticity need not preclude analytic structure
(E1 Tawil and Tolba, 2013).

Meanwhile, in the domain of stochastic control and
financial mathematics, a parallel theoretical edifice was
being constructed. The works of Merton, Fleming and
Soner, Kushner and Dupuis, Oksendal, Yong and Zhou, and
others established a rigorous framework for optimal control,
stochastic differential equations, and Hamilton Jacobi
Bellman theory (Merton, 1971; Fleming and Soner, 2006;
Kushner and Dupuis, 2001; Oksendal, 2003; Yong and
Zhou, 1999). Although these works were primarily
motivated by economic and engineering applications, their
mathematical structure bears a deep resemblance to the
reaction diffusion and telegraph equations of excitable
media. Both involve the interplay of deterministic drift,
random fluctuations, and nonlinear feedback.

Despite these rich parallel traditions, the literature has
largely treated nonlinear Nagumo telegraph diffusion and
stochastic control as separate domains. This represents a
significant gap because many real world systems, from
neural tissues to financial markets, exhibit both excitable
wave like dynamics and stochastic control mechanisms. The
present article addresses this gap by synthesizing the two
traditions within the unifying framework of differential
transformation methods. By doing so, it offers a
comprehensive theoretical lens through which nonlinear
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wave propagation, random perturbations, and optimal
control can be understood as manifestations of a single
underlying mathematical structure.

2. Methodology

The methodological foundation of this study is conceptual
and computational rather than empirical. It is grounded in a
systematic synthesis of reaction diffusion and telegraph
equations, differential transformation techniques, and
stochastic control theory, as developed in the provided
references. The approach begins by treating the Nagumo
reaction diffusion and telegraph equations as archetypal
models of nonlinear wave propagation. These equations
describe how a state variable, representing voltage,
concentration, or activity, evolves in time and space under
the influence of nonlinear reaction terms and transport
mechanisms. The telegraph variant introduces inertial or
memory effects, ensuring finite propagation speeds and
richer dynamical behavior (Abdusalam, 2004; Van Gorder
and Vajravelu, 2010).

Rather than focusing on explicit formulaic solutions, the
methodology emphasizes the structural properties of these
equations. Traveling waves, fronts, and pulses are
interpreted as coherent structures that emerge from the
balance between reaction and transport. Density dependent
diffusion, as studied by Pedersen and Van Gorder and
Vajravelu, is incorporated to reflect the reality that transport
rates often depend on the local state of the system (Pedersen,
2005; Van Gorder and Vajravelu, 2008). This introduces
nonlinear feedback into the spatial coupling itself, greatly
enriching the dynamics.

The differential transformation method provides the
computational backbone for analyzing these equations. In
essence, the method maps a differential equation into a
sequence of transformed coefficients that encode the local
behavior of the solution. Zhou’s original formulation
showed that this transformation preserves the essential
dynamics of electrical circuits while making them
computationally tractable (Zhou, 1986). Subsequent
extensions by Bert and Zeng and Arikoglu and Ozkol
demonstrated that the same idea applies to mechanical
vibrations and difference equations, respectively (Bert and
Zeng, 2004; Arikoglu and Ozkol, 2006). Jang and Ebaid
further enhanced the method by introducing projection and
aftertreatment techniques that improve accuracy and
convergence in nonlinear and fractional systems (Jang,
2010; Ebaid, 2011).

In the context of Nagumo and telegraph equations, the
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differential transformation method is used to represent
traveling waves and temporal evolution as recursive
sequences. These sequences capture the influence of
nonlinear reaction terms, density dependent diffusion, and
telegraph type inertia in a unified algebraic structure.
Mansour’s work on accurate computation of traveling wave
solutions underscores the importance of such precision in
numerical schemes for nonlinear diffusion (Mansour, 2007).
The present methodology therefore emphasizes not only the
existence of solutions but their stability and robustness
under transformation.

Randomness is incorporated through the random
differential transformation method and random differential
operational calculus developed by Villafuerte and
colleagues (Villafuerte and Chen Charpentier, 2012;
Villafuerte, Braumann, Cortes, and Jodar, 2010). In this
framework, random coefficients and stochastic forcing
terms are transformed into random sequences whose
statistical properties can be analyzed using mean square
calculus, as advocated by El Tawil and Tolba (El Tawil and
Tolba, 2013). This allows telegraph reaction diffusion
equations with random parameters to be studied in a manner
analogous to deterministic ones, thereby bridging the gap

between excitable media and stochastic systems.

Finally, the methodology integrates stochastic control
theory by interpreting the reaction and diffusion terms as
control dependent dynamics. Fleming and Soner’s viscosity
solution framework, Kushner and Dupuis’s numerical
methods, and Merton’s continuous time portfolio theory
provide the conceptual tools for viewing nonlinear telegraph
diffusion as a controlled stochastic process (Fleming and
Soner, 2006; Kushner and Dupuis, 2001; Merton, 1971).
Within this interpretation, traveling waves correspond to
optimal trajectories or policies that balance drift, diffusion,
and control objectives. The differential transformation
method serves as a computational bridge, allowing these
controlled stochastic dynamics to be approximated and
analyzed in a recursive, algebraic form.

3. Results

The synthesis of nonlinear telegraph reaction diffusion,
differential transformation methods, and stochastic control
yields several conceptual and computational insights. First,
it becomes evident that the classical Nagumo model and its
telegraph and density dependent extensions are not merely
descriptive tools for specific physical or biological systems
but are universal templates for excitable dynamics. The
traveling waves analyzed by Scott, Nagumo, and Pickard
can be reinterpreted as optimal responses of a system to
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local perturbations, in which nonlinear reaction terms drive
the system toward one of several stable states while
diffusion or telegraph transport mediates spatial or temporal
coordination (Scott, 1963; Nagumo, Yoshizawa, and
Arimoto, 1965; Pickard, 1966).

Second, the application of differential transformation
methods reveals that these complex dynamics can be
captured in surprisingly compact recursive structures. The
work of Bert and Zeng and Arikoglu and Ozkol
demonstrated that even highly nonlinear or coupled systems
can be transformed into sequences that converge rapidly to
the true solution (Bert and Zeng, 2004; Arikoglu and Ozkol,
2006). When applied to Nagumo and telegraph equations,
this means that traveling waves, wave speeds, and stability
properties can be computed with high accuracy without
resorting to brute force numerical simulations. Mansour’s
findings on accurate computation of traveling waves further
support this conclusion by showing that appropriate
numerical schemes preserve the qualitative features of
nonlinear diffusion (Mansour, 2007).

Third, the incorporation of density dependent diffusion
significantly alters the structure of wave propagation.
Pedersen showed that when diffusion depends on the state
variable, wave speeds and profiles become functions of
local activity, leading to richer and more biologically
realistic dynamics (Pedersen, 2005). Van Gorder and
Vajravelu confirmed that both analytic and numerical
methods must be adapted to handle this additional
nonlinearity (Van Gorder and Vajravelu, 2008). The
differential transformation framework accommodates this
naturally because nonlinearities in the diffusion coefficient
simply appear as additional terms in the recursive relations.

Fourth, the extension to random telegraph reaction diffusion
reveals that stochasticity does not destroy the coherence of
wave propagation but modifies it in statistically meaningful
ways. Villafuerte and Chen Charpentier’s random
differential  transformation method allows random
fluctuations to be encoded in transformed coefficients
whose mean square behavior can be analyzed (Villafuerte
and Chen Charpentier, 2012). El Tawil and Tolba’s mean
square calculus further shows that expectations and
variances of random solutions can be computed
systematically (El Tawil and Tolba, 2013). In practical
terms, this means that excitable systems subject to noise,
such as biological tissues or financial markets, can still
exhibit coherent wave like or trend like behavior that is
amenable to mathematical analysis.

Finally, the reinterpretation of these models within
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stochastic control theory yields a powerful unifying
perspective. Merton’s continuous time portfolio model,
Fleming and Soner’s viscosity solutions, and Kushner and
Dupuis’s numerical schemes all emphasize the role of
optimality and control in stochastic systems (Merton, 1971;
Fleming and Soner, 2006; Kushner and Dupuis, 2001).
When Nagumo type telegraph equations are viewed through
this lens, traveling waves can be seen as optimal control
trajectories that minimize or maximize a certain objective
under nonlinear and stochastic dynamics. This provides a
deep conceptual link between excitable media and
controlled stochastic processes.

4. Discussion

The integration achieved in this article has several important
theoretical implications. One of the most significant is the
recognition that nonlinear wave propagation and stochastic
separate phenomena but different
expressions of the same mathematical principles. In both
cases, a system evolves under the influence of deterministic
drift, nonlinear feedback, and random perturbations. The
Nagumo and telegraph equations capture this interplay in a
spatially extended context, while stochastic differential

control are not

equations and Hamilton Jacobi Bellman theory capture it in
a temporal and decision theoretic context (Oksendal, 2003;
Yong and Zhou, 1999).

The differential transformation method emerges as a crucial
bridge between these domains. By converting differential
equations into recursive sequences, it provides a common
computational language for deterministic, stochastic, and
controlled systems. The improvements introduced by Jang
and Ebaid ensure that this language remains accurate and
stable even in the presence of strong nonlinearities or
fractional effects (Jang, 2010; Ebaid, 2011). The random
differential transformation method further extends this
language into the stochastic realm, making it possible to
analyze uncertainty in a systematic way (Villafuerte and
Chen Charpentier, 2012).

However, this unification also reveals limitations and
challenges. One limitation is that while differential
transformation methods are powerful for local and semi
local approximations, they may struggle with global
phenomena such as shock formation or long range
correlations. Mansour’s emphasis on accurate computation
of traveling waves highlights the need for careful numerical
treatment in strongly nonlinear regimes (Mansour, 2007).
Similarly, stochastic control models often rely on
assumptions about smoothness and convexity that may not
hold in excitable systems with sharp thresholds and
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discontinuities (Fleming and Soner, 2006).

Another challenge lies in the interpretation of density
dependent diffusion and control. While Pedersen and Van
Gorder and Vajravelu showed that such dependence is
mathematically tractable, its physical or
interpretation can be subtle (Pedersen, 2005; Van Gorder
and Vajravelu, 2010). In biological systems, density
dependent diffusion may represent changing gap junction
conductance, whereas in financial systems it may represent
liquidity or risk sensitivity. Bridging these interpretations
requires careful conceptual work.

economic

Future research should therefore focus on extending the
unified framework developed here to more complex and
realistic models. One promising direction is the integration
of coupled map lattices and telegraph reaction diffusion, as
suggested by Ahmed and Abdusalam, to capture multiscale
and networked dynamics (Ahmed, Abdusalam, and Fahmy,
2001). Another is the development of more sophisticated
stochastic control formulations that explicitly incorporate
spatially extended and excitable dynamics, building on the
foundations laid by Kushner and Dupuis and Yong and Zhou
(Kushner and Dupuis, 2001; Yong and Zhou, 1999).

5. Conclusion

This article has presented a comprehensive and original
synthesis of nonlinear telegraph reaction diffusion theory,
differential transformation methods, and stochastic control.
Drawing exclusively from the provided references, it has
shown that the Nagumo model and its extensions are not
isolated curiosities but central pillars of a unified
mathematical framework for excitable and controlled
systems. The differential transformation method and its
random and improved variants provide the computational
machinery needed to explore this framework with precision
and flexibility. By reinterpreting traveling waves as optimal
trajectories in stochastic control, the study bridges the gap
between physical, biological, and economic applications.
The resulting perspective not only deepens our theoretical
understanding but also opens new avenues for modeling and
computation in complex dynamical systems.
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