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Abstract 

The study of fluid motion in geometrically complex domains has been one of the most enduring and intellectually rich areas 

of classical and modern fluid mechanics. Constricted tubes, wavy channels, stretching sheets, and stretching cylinders all 

represent physical configurations that appear not only in industrial and technological processes but also in biological and 

biomedical systems such as blood flow in arteries, microcirculatory transport, polymer extrusion, coating flows, and 

magnetohydrodynamic devices. The present research develops an integrated and original synthesis of laminar flow through 

constricted and wavy geometries with the theory of non Newtonian and second grade fluids subjected to stretching and 

magnetic effects. The work is strictly grounded in the foundational and contemporary references provided, which span 

early biomechanical investigations of arterial flow, thermodynamic analyses of differential type fluids, and modern 

similarity and analytical treatments of stretching surface problems. By weaving together these traditionally separate 

strands of literature, this article establishes a unified conceptual and physical understanding of how geometry, rheology, 

and external fields interact to shape velocity distributions, stress development, heat transfer, and flow stability. The 

abstract highlights that laminar flow in constricted tubes is not merely a problem of geometric obstruction but a complex 

interplay between boundary layer separation, shear induced endothelial stress, and non Newtonian rheological response, 

as originally explored in biomedical contexts by Fox and Hugh, Fry, Forrester and Young, and Haldar. These insights are 

then extended by incorporating second grade and micropolar fluid models as reviewed by Dunn and Rajagopal and Dunn 

and Fosdick, allowing for the representation of elastic and memory effects that are essential for blood and polymeric fluids. 

The stretching sheet and stretching cylinder frameworks pioneered by Crane and elaborated by Ariel, Ishak, Hayat, Liao, 

and others are reinterpreted as idealized analogues of deforming vessel walls and industrial substrates, making it possible 

to bridge biomechanics and process engineering in a single theoretical narrative. Magnetohydrodynamic and radiative 

effects further enrich the model by capturing how electromagnetic forces and thermal gradients modify flow resistance, 

boundary layer thickness, and energy transport. The methodology of this work is entirely text based and analytical in spirit, 

focusing on conceptual integration, physical interpretation, and thermodynamic consistency rather than on explicit 

equations. The results demonstrate that many apparently distinct phenomena reported across the literature, such as flow 

separation in stenosed arteries, drag reduction on stretching sheets, and stability conditions of second grade fluids, are 

manifestations of a common set of governing principles. The discussion elaborates the implications of these findings for 

understanding vascular disease, optimizing industrial stretching processes, and designing magnetohydrodynamic control 

strategies. Limitations and future directions are explored in depth, emphasizing the need for experimental validation and 

the extension to more complex rheological and geometric configurations. Overall, the article offers a comprehensive, 

coherent, and original account of laminar and non Newtonian flow in constricted and stretching geometries, demonstrating 

that the classical works of the late twentieth century and the modern analytical methods of the twenty first century can be 

combined into a powerful framework for both science and engineering. 
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1. Introduction 

The flow of fluids through channels and surfaces that are 

not perfectly uniform has always occupied a central place in 

fluid mechanics, because real physical systems rarely 

conform to the ideal of straight, rigid, and unchanging 

geometries. Tubes may narrow or widen, surfaces may 

stretch, contract, or oscillate, and the fluids themselves may 

exhibit complex rheological behavior rather than the simple 

proportionality between stress and strain rate that defines 

Newtonian fluids. The references that form the foundation 

of the present work reflect this diversity of physical 

situations and intellectual traditions. On one hand, classical 

biomedical and biomechanical studies such as those by 

Chow and Soda, Chow, Soda and Dean, Forrester, Forrester 

and Young, Fox and Hugh, Fry, Haldar, and Lee and Fung 

focused on laminar blood flow in constricted or wavy 

arteries, motivated by the need to understand 

atherosclerosis, occlusive disease, and endothelial damage. 

On the other hand, theoretical and computational 

investigations by Crane, Ariel, Ishak, Liao, Hayat, Cortell, 

Singh, Mushtaq, Hussain, and others examined flows 

induced by stretching sheets or cylinders, often under the 

influence of heat transfer, magnetic fields, or non 

Newtonian rheology. Bridging these two streams of 

research requires a careful reconsideration of their common 

physical and mathematical underpinnings. 

The earliest studies of laminar flow in constricted tubes, 

such as those by Chow and Soda, demonstrated that even 

when the Reynolds number is low enough to preclude 

turbulence, the presence of a narrowing or widening in a 

tube can profoundly alter the velocity distribution and 

pressure drop (Chow and Soda, 1972). Their work showed 

that flow acceleration in a converging section and 

deceleration in a diverging section lead to nonuniform shear 

stresses along the wall, which in turn have important 

implications for mass transfer and for the mechanical 

loading of the wall itself. In a related study, Chow, Soda and 

Dean investigated laminar flow in wavy channels, revealing 

that periodic variations in channel width can generate 

complex patterns of velocity and pressure that are not 

captured by simple Poiseuille flow models (Chow, Soda and 

Dean, 1971). These investigations provided the mechanical 

basis for later biomedical interpretations. 

Forrester and Young extended this mechanical 

understanding to the context of occlusive vascular disease 

by analyzing flow through converging diverging tubes that 

mimic stenosed arteries (Forrester and Young, 1970). They 

demonstrated that regions of flow separation and 

recirculation are likely to develop downstream of a 

constriction, even under laminar conditions, and that these 

regions correspond to sites where atheromatous plaques are 

most commonly observed. Fox and Hugh proposed a 

complementary theory based on boundary layer separation, 

arguing that the localization of atheroma is a direct 

consequence of the way in which the boundary layer 

detaches from the arterial wall in regions of adverse 

pressure gradient (Fox and Hugh, 1966). Fry added a 

physiological dimension by showing that high velocity 

gradients, which occur near constrictions, can induce acute 

changes in the vascular endothelium, thereby linking 

mechanical stress to biological response (Fry, 1966). Haldar 

later provided a more detailed mechanical analysis of flow 

separation in constricted arteries, confirming and extending 

these earlier insights (Haldar, 1991). Lee and Fung, 

focusing on low Reynolds number conditions, further 

clarified how local constrictions alter flow fields in a way 

that is particularly relevant for microcirculation (Lee and 

Fung, 1970). 

Parallel to these biomechanical studies, the development of 

non Newtonian fluid theory was progressing rapidly. Dunn 

and Fosdick and Dunn and Rajagopal established the 

thermodynamic and stability foundations of fluids of 

differential type, including second grade fluids, which 

possess normal stress differences and elastic effects that are 

absent in Newtonian models (Dunn and Fosdick, 1974; 

Dunn and Rajagopal, 1995). These fluids are especially 

relevant for modeling blood, polymer melts, and 

suspensions, all of which exhibit memory and shear 

dependent behavior. The recognition that blood cannot 

always be adequately described as a Newtonian fluid 

suggests that the laminar flow analyses of constricted 

arteries need to be revisited within a more general 

rheological framework. 

The stretching sheet problem introduced by Crane provided 

a simple yet powerful model for flows induced by the 

motion of a boundary rather than by a pressure gradient 

(Crane, 1970). This model was soon generalized and refined 

by Ariel, Liao, Ishak, Hayat, Cortell, and others, who 

incorporated nonlinearity, heat and mass transfer, magnetic 
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fields, slip conditions, and non Newtonian rheology (Ariel, 

2009; Liao, 2003; Ishak, Nazar and Pop, 2008; Hayat, 

Qasim and Abbas, 2010; Cortell, 2008; Hayat, Qasim and 

Mesloub, 2011). These studies showed that the stretching of 

a surface can create boundary layers and flow structures that 

are analogous in many respects to those found in pressure 

driven flows through constricted channels. Mushtaq and 

Asghar, as well as Hussain and Hayat, further extended 

these models to second grade fluids and porous media, 

revealing how elasticity and permeability modify the flow 

and heat transfer characteristics (Mushtaq, Asghar and 

Hossain, 2007; Hussain et al., 2010; Hayat and Qasim, 

2011; Ariel, 2011). 

The literature thus presents two complementary pictures of 

laminar flow in complex geometries. One is rooted in 

biomechanics and focuses on rigid or weakly deformable 

tubes with geometric irregularities. The other is rooted in 

industrial and theoretical fluid mechanics and focuses on 

moving or stretching boundaries that induce flow in a 

surrounding fluid. The gap in the literature lies in the lack 

of a unified theoretical and conceptual framework that treats 

these problems as manifestations of the same underlying 

physics. In real arteries, for example, the walls are not rigid 

but deform and stretch under the pulsatile pressure of blood, 

while the blood itself behaves as a non Newtonian fluid. 

Similarly, in industrial stretching processes, the substrate 

may have local variations in thickness or shape that are 

analogous to constrictions in a tube. The present work 

addresses this gap by integrating the insights from both 

traditions, using the provided references as its exclusive 

foundation. 

2. Methodology 

The methodology adopted in this study is analytical and 

conceptual rather than computational or experimental. 

Because the strict constraints of the task prohibit the use of 

explicit equations, tables, or figures, the analysis proceeds 

by carefully interpreting and synthesizing the qualitative 

and theoretical results reported in the references. The goal 

is not to reproduce any single model or calculation, but to 

construct a coherent narrative that explains how laminar and 

non Newtonian flows behave in constricted and stretching 

geometries under a wide range of physical conditions. 

The first methodological step is a detailed examination of 

the laminar flow studies in constricted and wavy channels. 

The works of Chow and Soda and Chow, Soda and Dean are 

taken as the mechanical starting point, because they provide 

a clear description of how geometric variations influence 

velocity profiles, pressure gradients, and shear stresses in 

laminar flow (Chow and Soda, 1972; Chow, Soda and Dean, 

1971). These studies are then linked to the biomedical 

interpretations of Forrester and Young, Fox and Hugh, Fry, 

Haldar, and Lee and Fung, which connect the mechanical 

variables to biological outcomes such as endothelial damage 

and plaque formation (Forrester and Young, 1970; Fox and 

Hugh, 1966; Fry, 1966; Haldar, 1991; Lee and Fung, 1970). 

By tracing how a change in tube geometry leads to a change 

in flow and then to a change in biological response, the 

methodology establishes a cause and effect chain that is 

essential for later integration with non Newtonian models. 

The second methodological step involves the incorporation 

of non Newtonian fluid theory. The thermodynamic 

analyses by Dunn and Fosdick and Dunn and Rajagopal are 

used to identify the key features of second grade and 

differential type fluids, including their stress response, 

stability conditions, and boundedness properties (Dunn and 

Fosdick, 1974; Dunn and Rajagopal, 1995). These features 

are then qualitatively mapped onto the laminar flow 

situations described in the biomedical literature. For 

example, the normal stress differences in a second grade 

fluid can amplify or attenuate the shear stresses at a 

constricted wall, potentially altering the likelihood of flow 

separation or endothelial damage. The methodology here is 

interpretative, relying on the physical meaning of the 

rheological parameters rather than on explicit formulas. 

The third methodological step is the analysis of stretching 

sheet and stretching cylinder flows. The similarity solutions 

and perturbation methods developed by Crane, Ariel, Liao, 

Ishak, Hayat, Cortell, Singh, Mushtaq, and others are used 

to understand how a moving boundary creates a boundary 

layer and how this boundary layer is modified by non 

Newtonian rheology, magnetic fields, heat transfer, and 

porous media (Crane, 1970; Ariel, 2009; Liao, 2003; Ishak, 

Nazar and Pop, 2008; Hayat, Qasim and Abbas, 2010; 

Cortell, 2008; Singh and Sharma, 2009; Mushtaq, Asghar 

and Hossain, 2007; Hussain et al., 2010; Hayat and Qasim, 

2011; Ariel, 2011). These results are then reinterpreted in 

the context of constricted tubes by considering the arterial 

wall or channel wall as a stretching or deforming surface. 

Finally, the methodological framework integrates 

magnetohydrodynamic and radiative effects. The studies by 

Ishak, Hayat, and Singh show how magnetic fields 

introduce a Lorentz force that resists motion and alters heat 

and mass transfer (Ishak, Nazar and Pop, 2008; Hayat, 

Qasim and Abbas, 2010; Singh and Sharma, 2009). These 

effects are conceptually applied to blood flow and industrial 

flows in constricted and stretching geometries, recognizing 

that blood is electrically conductive and that many industrial 



American Journal of Computer Science and Mathematics 
ISSN: - applied  

 
 

https://oxfordianfoundation.com/index.php/ajcsm                                                                                                                         9 

fluids are subject to electromagnetic control. 

Throughout this methodology, every major claim is 

grounded in the cited literature, and the emphasis is on depth 

of explanation rather than on mathematical detail. The result 

is a richly textured understanding of the physical 

phenomena that transcends the boundaries between 

biomechanics, non Newtonian fluid mechanics, and 

magnetohydrodynamics. 

3. Results 

The integrated analysis yields several important results that 

illuminate the behavior of laminar and non Newtonian flows 

in constricted and stretching geometries. One of the most 

fundamental findings is that geometric variations such as 

constrictions, expansions, and waviness create spatially 

varying pressure gradients that can either stabilize or 

destabilize the boundary layer, depending on their sign and 

magnitude (Chow and Soda, 1972; Chow, Soda and Dean, 

1971). In a converging section, the favorable pressure 

gradient accelerates the fluid and tends to thin the boundary 

layer, while in a diverging section, the adverse pressure 

gradient decelerates the fluid and promotes boundary layer 

thickening and potential separation. This mechanical insight 

underlies the localization of atheroma proposed by Fox and 

Hugh and confirmed by Forrester and Young (Fox and 

Hugh, 1966; Forrester and Young, 1970). 

When the fluid is non Newtonian, particularly of second 

grade type, these geometric effects are modified by the 

fluid’s elastic and memory properties. Dunn and Fosdick 

showed that second grade fluids can sustain normal stresses 

in shear flow, which means that a constriction does not 

merely increase shear but also induces additional stresses 

that act perpendicular to the flow direction (Dunn and 

Fosdick, 1974). These stresses can either stabilize the flow 

by resisting deformation or destabilize it by storing and 

releasing elastic energy, depending on the material 

parameters. Dunn and Rajagopal further demonstrated that 

thermodynamic consistency imposes bounds on these 

parameters, ensuring that the flow remains physically 

realizable (Dunn and Rajagopal, 1995). In the context of 

blood flow, this suggests that the viscoelastic nature of 

blood may either mitigate or exacerbate the mechanical 

stresses experienced by the arterial wall in a stenosis. 

The stretching sheet and stretching cylinder results provide 

a complementary perspective. Crane’s original solution 

showed that a linearly stretching surface generates a steady 

boundary layer whose thickness and velocity profile are 

determined by the stretching rate (Crane, 1970). Ariel and 

Liao extended this to nonlinear stretching and non 

Newtonian fluids, revealing that stronger stretching tends to 

thin the boundary layer and increase the wall shear stress, 

while viscoelastic effects can either enhance or reduce these 

trends (Ariel, 2009; Liao, 2003). Ishak, Hayat, and Singh 

showed that the presence of a magnetic field introduces a 

damping force that thickens the boundary layer and reduces 

the velocity near the surface, while radiation and viscous 

dissipation modify the thermal field (Ishak, Nazar and Pop, 

2008; Hayat, Qasim and Abbas, 2010; Singh and Sharma, 

2009). Mushtaq and Asghar and Hussain and Hayat 

demonstrated that second grade fluids and porous media 

further complicate this picture by introducing additional 

resistance and memory effects (Mushtaq, Asghar and 

Hossain, 2007; Hussain et al., 2010; Hayat and Qasim, 

2011; Ariel, 2011). 

By viewing the wall of a constricted tube as a stretching or 

deforming surface, these results can be directly applied to 

biomechanics. In a real artery, the pulsatile pressure of 

blood causes the wall to stretch and relax, creating a 

dynamic boundary condition that is analogous to a 

stretching sheet. The results from stretching sheet theory 

therefore imply that regions of high wall motion may 

experience thinner boundary layers and higher shear 

stresses, which in turn influence endothelial response and 

plaque formation, as observed by Fry and others (Fry, 

1966). The magnetohydrodynamic results further suggest 

that if an external magnetic field is applied, as in some 

medical or industrial devices, the flow resistance can be 

increased and the shear stress reduced, potentially offering 

a means of control. 

Overall, the results indicate that laminar flow in constricted 

and stretching geometries is governed by a delicate balance 

between geometric forcing, rheological response, and 

external fields. This balance determines whether the flow 

remains attached or separates, whether stresses are 

concentrated or distributed, and whether heat and mass are 

efficiently transported or not. 

4. Discussion 

The integrated perspective developed in this work has 

profound implications for both biomechanics and industrial 

fluid mechanics. In the context of vascular disease, the 

classical view that atherosclerosis is primarily a 

biochemical process is complemented by the mechanical 

insights of Fox and Hugh, Fry, Forrester and Young, and 

Haldar, which show that local hemodynamic conditions 

play a decisive role in where and how plaques develop (Fox 

and Hugh, 1966; Fry, 1966; Forrester and Young, 1970; 
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Haldar, 1991). The addition of non Newtonian fluid theory 

suggests that the viscoelastic nature of blood may modulate 

these mechanical stimuli in ways that have not yet been 

fully appreciated. For example, elastic stresses could either 

buffer the endothelium from sharp velocity gradients or 

amplify them by storing and releasing energy during the 

cardiac cycle. 

The stretching sheet analogy further enriches this discussion 

by highlighting the importance of wall motion. Real arteries 

are not rigid, and their stretching and relaxation can create 

additional shear and normal stresses that interact with the 

geometric effects of stenosis. The work of Crane, Ariel, and 

Ishak shows that even in a simple planar geometry, 

stretching can dramatically alter the boundary layer and heat 

transfer (Crane, 1970; Ariel, 2009; Ishak, Nazar and Pop, 

2008). When translated to the arterial context, this implies 

that therapies aimed at altering wall compliance could have 

a significant impact on local hemodynamics and disease 

progression. 

In industrial applications, the integrated framework 

suggests that processes such as polymer extrusion, coating, 

and magnetic control of fluids can be optimized by carefully 

designing both the geometry of the channel and the motion 

of the boundary. The non Newtonian and 

magnetohydrodynamic studies of Hayat, Liao, and Singh 

demonstrate that stretching and magnetic fields can be used 

to tailor velocity and temperature profiles, potentially 

improving product quality and energy efficiency (Liao, 

2003; Hayat, Qasim and Abbas, 2010; Singh and Sharma, 

2009). 

Despite these insights, there are limitations to the present 

analysis. Because it is based entirely on existing references 

and on qualitative synthesis, it cannot capture all the 

quantitative nuances of real flows. Moreover, most of the 

cited studies consider steady or quasi steady conditions, 

whereas real biological and industrial systems often involve 

unsteady and turbulent effects. Future research should 

therefore aim to extend the integrated framework to time 

dependent and three dimensional flows, as well as to more 

complex rheological models. 

5. Conclusion 

This work has demonstrated that laminar and non 

Newtonian flows in constricted and stretching geometries 

can be understood within a single, coherent theoretical 

framework that draws on both classical biomechanics and 

modern fluid mechanics. By synthesizing the insights of 

Chow and Soda, Forrester and Young, Fox and Hugh, Dunn 

and Rajagopal, Crane, Ariel, Ishak, Hayat, and many others, 

the article shows that geometry, rheology, and external 

fields jointly determine the structure and stability of flow. 

This integrated perspective not only deepens our 

understanding of vascular disease and industrial processes 

but also opens new avenues for control and optimization 

through the design of geometry, material properties, and 

external forcing. 
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